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We work in the framework of binary classification. Throughout this tutorial, we consider a random
descriptor X taking values in a measurable space X ⊂ ℝ𝑑 (𝑑 ∈ ℕ∗) and a random label Y taking the
value 0 or 1. The joint distribution of the vector (X, Y) is denoted by P, and the regression function
(posterior probability) is

η : 𝑥 ∈ X ↦→ ℙ(Y = 1 | X = 𝑥) ∈ [0, 1] .

Exercice 1. We consider X = [0, 1] and P such that :
— the conditional distribution of X given Y = 0 is P0 =U([0, θ]), where θ ∈ ]0, 1[,
— the conditional distribution of X given Y = 1 is P1 =U([0, 1]),
— 𝑝 = ℙ(Y = 1) ∈ ]0, 1[.

For 𝑥 ∈ X, give η(𝑥) as a function of 𝑝 and θ. Give the numerical expression for θ = 1/2.

Exercice 2. We consider X = ℝ+ and P such that :
— the distribution of X is PX on X,

— the regression function is η(𝑥) = 𝑥

𝑥 + θ
for every 𝑥 ∈ X, where θ > 0 is fixed.

Let ℎ∗ denote the Bayes classifier. Make the Bayes classifier explicit in this model. Then show that its
0-1 risk (its probability of error) is

L(ℎ∗) =
∫
X
min

(
η(𝑥), 1 − η(𝑥)

)
𝑑PX(𝑥).

Compute the Bayes risk when PX =U([0, αθ]) with α > 1.

Exercice 3. Let ω(0),ω(1) ≥ 0 be weights such that ω(0) + ω(1) = 1. We consider the weighted
classification risk :

Lω(𝑔) = 𝔼
(
2ω(Y) · 1{Y≠𝑔 (X) }

)
, 𝑔 : X → {0, 1}.

Give the Bayes classifier and the Bayes risk for this criterion. What is the interest of considering such a
criterion?

Exercice 4. We consider X = (T,U,V), where T,U,V are i.i.d. real-valued random variables with
the standard exponential distribution. Set Y = 1{T+U+V<θ} , where θ ∈ ℝ+ is fixed. Compute the Bayes
classifier 𝑔∗(T,U) when V is unobserved, and then compute its 0-1 risk as a function of θ.
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Bibliographic advice

Useful starting points for machine learning are listed below :

— Theoretical and focused on probabilistic aspects : [DGL97]
— Practical and utility-oriented : [HTF13]
— A recent book focused mainly on optimization : [SSBD14] (and, by the same author, on online

learning : [SS12])
— Bayesian methods and graphical models : [MB12]
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