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ExERcICE 1. We work in the framework of binary classification : let X be a random descriptor taking
values in a measurable space X ¢ R? (d € N*), and let Y be a random label taking the value —1 or 1.
Consider a finite class G of classifiers X — {—1, 1} such that the two labels are perfectly separable by
an element of G, i.e. n;lg L(g) =0, fortheriskL:ge G P (g(X) #Y) € [0,1].

g

Let n € N*. Suppose that we have an i.i.d. sample {(X;, Y;)}1<i<n following the same distribution as

(X,Y), and let g, be a minimizer of the empirical classification error :

1 n
i, € minL h L,:qg€ - 1 AR
gn € min n(9) where L,:9€G n; {g(X)#Y:}

1) Show that mig L, (g) = 0 almost surely.
ge

2) Show that P (L(g,) > €) < |G|(1 — €)" for every € € [0, 1].
Deduce that P (L(gn) > €) < |Gle™".

Hint. Use G, := {g € G : L(g) > €} together with a union bound.

1
3) Deduce from the previous question that E (L(g,)) < 2oglelgl) (e|Q|)‘
n

Hint. For every positive random variable Z, E (Z) = f0+°° P(Z > t)dt.

Correction Exercice 1

Here we assume mingeg L(g) = 0, which means that g* € G and L(g") = 0. This is a strong
assumption, but it allows us to derive some theoretical results. Also note that g, is a random
variable since it depends on the random samples {(X;, Y;) }1<i<n-

1) From the hypothesis, 3g* € G such that L(g*) = 0.

n
P (Ln(g) =0) =P (Z Livieg (xiyy =0

i=1
=P (Yl = g*(Xl)s s le = g*(Xn))
=P (Y =g"(X)" (X3, Y;) ~ (X,Y) and i.i.d.)
=(1-Lig)" =1
Since 0 < mingeg L,(g) < L,(g"), we get mingeg L, (g) = 0 almost surely.
2)Let n € Nand € € R.. Note that Vg € G,L(g) € [0, 1], thus for e > 1, P(L(g,) > €) =0. So




we can assume € € [0,1[. Let G. := {9 € G : L(g) > e}. Then we have :
P(L(gAn) >e€) = P(gAn € Ge)
=P(gn € Ge, Lu(gn) =0) (by definition of g, and q.1)
<P( U {L,(g9) =0}) (event for g, is included in the union)

9EGe
< Z P(L,(g) =0) (union bound, G is finite)
9€Ge
= Z P(g(X) =Y)" (same as q.1 : samples are iid from (X, Y))
9eGe
= > (1-L)"
9€Ge
< Z (1-¢)" (since L(g) > €)
9€Ge
=|Gel(1-¢)"

Finally, by convexity of the exponential function, we have e* > 1 + x for all x € R, thus
(1-¢)" <e ™, and P(L(gn) > €) < |Gele™" < |Gle™" because |G| < |G-

3) Let Z = L(gy,), which is a positive random variable (because of the random samples). Then,
P(Z > €) < min(1, |G|e ") (since P(Z) € [0,1]), and |Gle ™™ < 1fore > % Thus, we can
write :

+00
E(Z) =/ P(Z > e)de
0
In(lg) +oo
< / 1de +/ P(Z > e)de
0 In(l6])

In(|G]) T e
= n +_A<g|> Gle™ de

n

In(|G i —ne
e - lglﬁx(lg) ¢ de

IA

n

. In(GD | Gl —le‘"“']
n | n In(G1)
< In(|G|) +16! o+ 1t Lgl))
n n
(G (1 L
<= +W|nng
_In(gD 1
n n
< In(|G]) +1 _ In(e|G|)
< " =—

We could also obtain a tighter bound by integrating from 0 to 1 directly since Z € [0,1] :

(G 1161 _,
‘ .

n n

1
E(Z) < Ind6D +/ |Gle " de =
n In(G])

n

ExERCICE 2. We work in the framework of binary classification. We use the same notation as in the



previous exercise. Set L* := L(g"), where g* : x € X — 21 (;)(x)»1/2) — l,andletn: x e X » P(Y =1 |
X =x) € [0, 1] be the regression function. Let (1),,),en+ be a sequence of functions defined on X with
values in |0, 1[. For every n € N*, consider the classifier g, : x € X — 21, (x)21/2) — 1.

1) Suppose that there exists § > 0 such that |n(x) — 1/2| > & for every x € X. Show that

2E (na(X) - n(X))?)

L(g,) —-L" <
(gn) 5

2) Show that if L* = 0, then for every q € [1, +oo],
L(gn) < 27E (Ina(X) = n(X)]9) .
Nowletn': X —]0,1[and g’ : x € X = 2L (y(x)»1/2) — 1.

3) Suppose that P{n’(X) = 1/2} = 0 and that E (|n,(X) - n’(X)|) — 0 as n — +oco. Show that
L(gn) — L(g’) as n — +oo.

4) Suppose that the label Y is no longer observable, but that a variable Z taking values in {1, +1} is
observable, such that :

P(Z=1]Y=-1,X) = P(Z=1|Y=-1)=a<1/2,
P(Z=-1|Y=1,X) = P(Z=-1|Y=1)=b<1/2.
Now setn’ : x € X — P (Z = +1 | X = x). Show that :

2|a—b|

L(g)<L'({1+ ——|.
9) = * 1 - 2max(a,b)

What can be deduced whena =b7?
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1) First, we can notice that the inequality is trivial if L(g,) = L*, so we can assume L(g,) # L*.
Then, we have :

L(gn) -L* = [E[]lgn(x)iY - ]lg*(x);tY]
=EX) [1g,00=-1 ~ Ly x)=-1] + (1= 1(X)) [Lg,00=1 — Lgrx)=1]]  (total exp.)
=E[(2n(X) - 1) [Lg, (x0=—1 — Ly (x)=—1]] (1a=1-1%)

Let Vx € X, h(x) := 1y, (x)=—1 — 14+ (x)=—1 € {~1,0, 1}, we can then write :

L(gn) —L" = 2E[(n(X) - 1/2)h(X)]. (1)

Let’s look at the cases :
— h(x) <0if n(x) < 1/2,
— h(x) 2 0if n(x) > 1/2.
Thus, Vx € X, (n(x) — 1/2) - h(x) = |[n(x) — 1/2| - |A(x)| 2 0, and, |h(x)| = 14, (x)2g* (x)-
Then, Vx € X, if g,(x) # g*(x), then :
— if n(x) > 1/2, then n,(x) < 1/2 < 1(x), and 1/2 — n(x) > nu(x) — n(x),
— if n(x) < 1/2, then n,(x) = 1/2 > n(x), and n(x) — 1/2 > n(x) — np(x).

Thus, |n,(x) —n(x)| = [n(x) — 1/2|. Finally, if g, (x) = g*(x), then h(x) = 0, and we can summarize
the result as :
Vx € X, [h(x)] - [n(x) —1/2| < [h(x)] - [nn(x) = n(x)]. (2)




By assumption, we have |n(x) — 1/2| > 3, for & > 0, thus inserting this in (1) :
L(gn) —L" 2 28E[|A(X)]]. ®3)
Now inserting (2) in (1), we have :

L(ga) — L < 2E[[A(X)] - [1,(X) = n(X)]]
< 2(E[TROPT - E[N2(X) - n(X)[F]  (Cauchy-Schwarz)

< 2VE[Ih(X)I] - E[In2(X) =n(X)P]  (h(X)| € [0,1])

5 2\/%5_” E[Ina(X) —n(X)P]  (from (3))

Finally, by squaring both sides, and since L(g,) — L* # 0, we have :

L(gn) —L* < E[Ina(X) = n(X)|*].

(el )

2) If L* = 0, then ¢g*(X) =Y almost-surely (by definition of L*). If L(g,) = 0, then the inequality
is trivial, so we can assume L(g,) # 0.
Let’s start back from (1) after inserting (2) :

L(gn) < 2E[Ina(X) = n(X)[ - [R(X)]]
< 2E[|nn(X) — n(X)|9]V9 - E[|(X)|?/ (4 D](@-D/a  (Hslder’s inequality, ¥g > 1)

Then, since |h(X)| € [0,1], we have |h(X)|?~V = |n(X)|, and, |h(X)| = 1y, 0)2g(x) =
1y, (x)2y (almost-surely), and thus E(|k(X)|) = L(gy,). Finally, we have :

L(gn) < 2E[Ina(X) = n(X)|7] 7 - L(ga) 4~/
L(gn) < 27E[Ins(X) = n(X)|] (L(gn) # 0)

The case q = 1 follows directly from the first line, since |h(X)| < 1.
3) From the same computation as in question 1 :

[L(gn) - L(g")] = 2/EL((X) = 1/2) gy (x)=1 — gy x1=1)]]
< 2E[In(X) = 1/2] - |14, x)=—1 = Ly (x)=—1l]  (triangular inequality)
< B[y, x)=-1 = Lyx)=—1l]  (In(X) - 1/2| < 1/2)
<P(gn(X) # ¢'(X))
=P(Mn(X) 2 1/2,1(X) < 1/2) + P(na(X) < 1/2,7'(X) > 1/2)

Let A €]0,1/2[, we can split the events regarding n’(X) into :

— {(X) <1/2} ={n'(X) < 1/2 -7} U{n'(X) € [1/2 - A, 1/2[},

— X)) 21/2} ={n'(X) 2 1/2+ A} U {n"(X) € [1/2,1/2 + A[}.
Then if we decompose the cartesian product of the events, we have :
— (Ma(¥) 2 1/2} 0 {7 (X) £ 1/2= 1} € {Ina(X) =1 (X)] = A},

— {na(X) 2 1/2} N {n'(X) € [1/2 -\, 1/2[} < {In"(X) - 1/2| < A},
— (M) £ 1/2} 0 {7 (X) 2 1/2+ 0} € {Ina(X) =1 (X)] = A},

— {na(X) <172} n{n'(X) € [1/2,1/2 + X[} c {In"(X) - 1/2] < A}.




This gives us :

IL(gn) = L(g)| < 2P(IN2(X) = n'(X)| 2 1) + 2P (In"(X) - 1/2] < A) ©)

Let € > 0. We start with the second term :

Since P(1/(X) = 1/2) =0, we have limy_,o P(|n’(X) — 1/2] < A) = 0 since {|n’(X) — 1/2| < A}
decreases (from the point of view of included sets) to {n’(X) = 1/2} asA — 0, and P is a continuous
measure. Thus, there exists Ag > 0 such that P(|n’(X) — 1/2| < A) < €/4.

For the first term, we have :

E(Ina(X) —n'(X)])
Ao

P(In.(X) =" (X)| 2 2o) < (Markov’s inequality).

Since E(|n,(X) —n’(X)|) — 0as n — +oo, there exists Ny € N such that for all n > Ny, E(|n,(X) —
N (X)]) < Aoe/4, and thus P(|n,(X) — n’(X)| = Ag) < €/4.

Plugging these two results into (4), we showed that L(g,) — L(g’) as n — +co.

4) First, for every x € X, by the law of total probability and the assumptions on Z :

N(x) =P(Z=1|X=x)
“P(Z=1|Y=1,X=0)P(Y=1|X=x)+P(Z=1|Y=-1,X=x)P(Y=-1|X=x)

(1-b)n(x) +a(1-n(x)

a+ (1-a->b)n(x).

Note that 1 —a — b > 0 since a,b < 1/2, so )’ is an increasing affine transformation of n.
The computations of question 1 leading to (1) and (2) hold for any classifier of the form
x = 21 (5(x)>1/2) — 1, so we can apply them with n’ instead of 1, :

L(g") = L* < 2E [In'(X) = n(X)] Ly (x)2g- 0} ] -

We need to bound |1/ (X) — n(X)| on the event {¢’(X) # g*(X)}, and then the probability of this
event.

Bound on |’ — n|. Let ¢ := 2(11—_527)' Since '(x) = a + (1 — a — b)n(x), we have n’(x) >

1/2 < n(x) > t. Moreover, t — % = .2(117—;;1—1))' Let x € X such that ¢’ (x) # g*(x). There are two
cases :

(i) g°(x) =1and ¢'(x) = -1, ie. % < 1n(x) < t, which is only possible if a < b. Then
b—a |a — b|

In"(x)—n(x)[ =n(x)—n'(x) = (a+b)n(x)—a < (a+b)t—a = 20-a=b) 2(1-a-b)

(ii) g*(x) =—1and ¢’(x) =1, ie. t < n(x) < %, which is only possible if a > b. Then

a—->b _ la-1b|
2(1—a-b) 2(1—a-b)

In"(x) ()| =n"(x)-n(x) = a—(a+b) n(x) < a—(a+b)t =




Thus, in both cases |n’(x) — n(x)| < %, and :

-b
L) -1 < 1L p(g () # 4°(X). ©)
Bound on P (g’ (X) # g*(X)). Recall (TD1) that L* = E [min(n(X), 1 — n(X))]. On the event
{g(X) #9"(X)}:

— incase (i) (a < b): n(X) € [1/2,t[, somin(n(X),1 - (X)) =1-n(X) >1-t = ﬁ,

— in case (ii) (@ > b) : n(X) € [¢,1/2[, so min(n(X),1 - (X)) =n(X) >t = ﬁ.

In both cases, min(n(X), 1 — n(X)) > % on {g’(X) # g*(X)} (and this event is empty if
a = b). Hence :

N . 1 — 2max(a, b) , .
L">E [mm(n(X), 1-1(X)) ]l{g’(X);&g*(X)}] 2 m P(g"(X) # g" (X)),
and, since 1 — 2max(a,b) > 0 :
’ * 2(1 _a_b) *
P(g (X X)) < —— 2 1%
(g(X) #g"(X)) < T~ 2max(a.b)
Conclusion. Plugging this into (5) :
N _qxo la—=bl 2(1-a-b) _, 2|a — b| .
L -L" < . =
) “1-a-b 1-2max(ab) 1-2max(a,b)

which gives the result : L(g") < L* (1 + %).

When a = b, we have t =1/2,s01(x) > 1/2 & n(x) > 1/2,ie g =g andL(g’) =L*:
the Bayes classifier of the noisy problem is the Bayes classifier of the original problem. Symmetric
label noise does not change the optimal decision rule.

ExeERrcice 3. Compute the VC dimension of the following classes A of sets :
1) A :{]—oo,xl] X...X]—0o,xg] : (x1,...,%x5) € R? }
2) A is the class of rectangles in R?.
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1) Let’s start with some examples to build an intuition :

For d = 1: we can shatter one point z;, but we cannot shatter two points z1, z;. Thus, N #(z;) = 2,
Na(z1,22) =3 < 22,S#(2) =3 < 2%, and the VC dimension is V.4 = 1.

For d = 2 : we can shatter two points zy, z;, but we cannot shatter three points z1, z;, z3. Thus,
Na(z1) = 2, Na(z1,20) = 4, Na(z1,22,23) =7 < 23,S4(3) =7 < 23, and the VC dimension is
Va=2.

Now we want to prove that for any d > 1, the VC dimension is Vg = d. For any x =
(x1,...,xq) € R% we can write Ay =] — 00,x1] X ...X] — 00, x4] such that A = {A, : x € R9}. Let
21, ...,zn € R? be n points. We write z; = (zi1, .-, 2iq). We need to show :

— There exists zy, .. ., zg such that N4 (zy,...,24) = 24 (i-e., we can shatter d points),




— Forany zy,...,z4+1, we have Ng (21, . .., 2441) < 24+1 (i.e., we cannot shatter d + 1 points).

Let’s first find a set of d points that can be shattered. We can take the pointse; = (1,0,...,0),e; =
(0,1,0,...,0),...,eq = (0,...,0,1) (the standard / canonical basis vectors of IRd).

Vie{l,...,d},xe[Rd, e; €Ay & x;>1andx; >0forall j#i.

Then, for any x € R? (e.g. x = 0),

{en,...,eqt NAy =0 < foralli, x; <1 or there exists j # i such that x; < 0.

Finally, for any m € {1,...,d} and iy,...,i, € {1,...,d} distinct, we have :
Xipso - X, 2 1and 0 < xj < 1forall j ¢ {iy,....in} = {e1,...,ea} NAx={ei,....€,}.

With this, we can see that we can obtain all the 2¢ possible intersections. Thus, N# (e, ..., eq) = 24
Sa(d) =27 and the VC dimension is V.z > d.

Now we need to show that we cannot shatter d + 1 points. Let zi,...,2z44; € R%. For any
i € {1,...,d}, we define z; as a point among {zy, .. ., z4+1 } having the largest i-th coordinate, i.e.
Zi; =max{zy,...,24+1,}. Then, for any x € R?, we have :

{z1,....24} CAy, & Vike{l,...,d},Zix < x
— Vke{l,...,d}, zxp < xk (Zik < Zxk by definition)
— Vk e {1w--»d},szw-~azd+Lk < Xk
— {Z], .. .,Zd+1} C A,.
Since {2, ..., Z4} contains at most d points, at least one of the z; is not in it. Thus, we cannot

find A € A that isolates zy, . . ., Z; from the other points, and S (d + 1) < 20+1, By definition, the
VC dimensionis V4 = d.

2)

Foranyx = (x1,...,%4), ¥y = (¥1,-- -, Vd) € R4, we write xAy = (min(xy, y1), . . ., min(xg, yq))
and xV y := (max(xy, y1), . . ., max(xy, y4)) for the coordinate-wise minimum and maximum. When
x; < y; forall i, we write [x, y] := [x1, y1]X- - -X [x4, ya], so that A = {[x, y] : x, y € R, xAy = x}
(closed rectangles with sides parallel to the axes). We also write 1 := (1,...,1) € R%. Let us show
that Vg4 = 2d.

A shatters 2d points. Consider the canonical basis vectors ey, . . ., eg of R¢ and their opposites
—eq,...,—eg,and let E := {—ey,...,—eg,eq,...,eq}. Fix € €]0, 1[.

(i) The empty subset : E N [—€1, e1] = 0, since every point of E has one coordinate equal to +1,
and | £ 1] > e.

(ii) A non-empty subset S = {sy,...,sm} C E:let

m m
Rg := /\sk—el, S +el| e A
k=1 k=1

By construction, S C Rs. Now let p € E\ S:




— if p = e;, then p; = 1. Since e; ¢ S, the j-th coordinate of every s is in {—1, 0}, so the
upper bound of Rg in direction j is at most € < 1, and p ¢ Rg,
— if p = —e;, then p; = —1. Since —e; ¢ S, the j-th coordinate of every sy is in {0, 1}, so
the lower bound of Rg in direction j is at least —e > —1, and p ¢ Rs.
Thus, ENRg = S.

Every subset of E can be picked out by a rectangle, so Ng(—ey,...,—eg, €1,...,eq) = 224 Sa(2d) =
2% and V4 > 2d.

A does not shatter 2d + 1 points. Let zy,...,2,9,1 € R? with zj = (zj1,...,2j,4). For
any i € {1,...,d}, we define 2; (resp. z,) as a point among {zi, ..., 224+1} having the largest
(resp. smallest) i-th coordinate, i.e. Z;; = max{zy,..., 22441} and z,; = min{zy, ..., zpq41,}. Let

T:={z,,....2;21,...,2q}. Then, for any rectangle [x, y] € A :

TcC[x,y] = Vike{1,...,d}, 2o Zik € [k, vkl
— Vke{l...,d}, Zp o Pk € (ks Ykl (Zk,k S Zigeo Zik S Zk k)
& Vke{l,....d}, zik,.. ., Z2d+1k € [Xk> Vi)
& {z1,...,22a11} C [x, ¥].

Since T contains at most 2d points, at least one of the z; is not in it. In other words, no rectangle
picks out exactly the subset T, so S (2d + 1) < 2%4+1,

By definition of the VC dimension, we conclude that V4 = 2d.

EXERCICE 4. Give an upper bound for the VC dimension of the class of closed balls in R :

d
ﬂZ{{x:(xl,...,xd)eRd : Z|xi—ai|2§b}:al,...,ad,bER}.

i=1
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To answer the question, we first prove the following theorem.

Let F be a vector space of functions R? — R of finite dimension m € N*. Then the class of
sets B := {{x eR?: f(x)=0}:fe 7"} has VC dimension Vg < m.

It suffices to show that no set of m + 1 points of R? can be shattered by B.Let x1,...,Xm+1 € R4,
and consider the linear map

h:feF s (), ..., f(xme)) € R™

Since ¥ is a vector space and h is linear, h(F) is a vector subspace of R™*! of dimension at most
dim ¥ = m < m+ 1. Thus, its orthogonal complement is not reduced to {0} : there exists a non-zero
vector y = (Y1, - - ., Ym+1) € R™*1 orthogonal to h(¥), i.e. such that for every f € F :

Y h() =v1f (x1) + -+ + Y1 f (xme1) = 0. (6)




LetP:={ie[l,m+1]:y; >0}and N:={i € [1,m + 1] : y; < 0}. Then, for every f € F :

D Nif ) == D vif (), (7)

ieP ieN

Up to replacing y by —y (which also satisfies (6)), we can assume N # @ (since y # 0, either y or —y
has a negative coordinate).

Now suppose, by contradiction, that there exists f € ¥ such that {x € R : f(x) > 0} contains
{x; : i € P} but none of the points {x; : i € N}. Then :

— fori €P,y; > 0and f(x;) > 0, so the left-hand side of (7) is non-negative,

— fori e N,y; < 0and f(x;) <0, sovy;f(x;) >0, and since N # 0 the right-hand side of (7) is
negative,

which is a contradiction. Thus, no set of B picks out exactly {x; : i € P} among {x1,..., X1}, SO
B does not shatter these points. Since the points were arbitrary, Sg(m + 1) < 2™*! and Vg < m.

Let us now go back to the question. For any ay,...,a4,b € Rand x = (x1,...,x4) € R? we

d d d d
lx; —a;|* = b = xl~2—2 a;x; + a?—b .
i=1 i=1 i=1

have :

i=1

Let ¥ be the vector space spanned by the functions ¢1, ..., 442 : R — R defined for every
x=(xy,...,xq) € R4 by

d
G1(x) = ) % G =x, o Gan (V) =xa dan(x) = 1.
i=1
Then dimF < d + 2, and every ball of A can be written {x € R? : f(x) < 0} with f =
b1 —23L, aibist + (L, a2 — b)dasy € F. Hence :
Ac{{xeR¥: f(x)<0}:feFt={{xeR?:~f(x) 20}: feF} =38,

where the last equality holds because f € ¥ &= —f € ¥ (¥ is a vector space). Since a subclass
cannot shatter more points than the whole class, applying the theorem gives :

Va<Vg<d+2.

EXERCICE 5. Let A be a class of sets in R? with finite VC dimension V < +co and shattering coefficients
s(A, n), for every n € N*.

1) Show that:Vn >1,s(A,n) < (n+1).
2) Show that : Vn >V, s(A, n) < (ne/V)V.

\
Hint. Use Sauer’slemma:Vn > 1, s(A,n) < Z (Z)
k=0
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1) Let n € N*. By the binomial formula :

(n+1)V:i(Z)nk22V(V—1)... Vok+D)

(
k=0 k=0 e

For every k € [0, V], we have :
— V(V-1)---(V—-k+1) > 1 (product of k positive integers, equal to 1 if k = 0),

— nf>n(n-1)---(n—k+ 1) (each factor on the right is at most n; if k > n, the right-hand
side is 0).

Thus :

nn-1)-(n-k+1) = (n
(n+1)Y > Z T = Z (k) > s(A,n) (Sauer’s lemma).
k=0 k=0
2) We assume V > 1 (otherwise (ne/V)V is not defined). Let n > V be an integer, so that V/n < 1.
By Sauer’s lemma, it is enough to show that

Y n ne\V n\v ' \Vs vV V n
2, (k) = (V) - (?) e, e (;) > (k) <e.
k=0 =
We have :
V.V r
(Y) Z (”) < (n (X) (V/n<1landk <V,so (V/n)" < (V/n)k)
"= k k) \n

k
\%
(—) (n >V and all terms are non-negative)
n

V n
1+ —) (binomial formula)
n
eV ") =e’ (1 + x < €%, by convexity of the exponential).

Hence s(A,n) < 3, (}) < (ne/V)V.
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