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ExERcICE 1. We work in the framework of binary classification : let X be a random descriptor taking
values in a measurable space X ¢ R? (d € N*), and let Y be a random label taking the value —1 or 1.
Consider a finite class G of classifiers X — {—1, 1} such that the two labels are perfectly separable by
an element of G, i.e. n;lg L(g) =0, fortheriskL:ge G P (g(X) #Y) € [0,1].

g

Let n € N*. Suppose that we have an i.i.d. sample {(X;, Y;)}1<i<n following the same distribution as
(X,Y), and let g, be a minimizer of the empirical classification error :

1 n
i, € minL h L,:qg€ - 1 AR
gn € min n(9) where L,:9€G n; {g(X)#Y:}

1) Show that mig L, (g) = 0 almost surely.
ge

2) Show that P (L(g,) > €) < |G|(1 — €)" for every € € [0, 1].
Deduce that P (L(gn) > €) < |Gle™".

Hint. Use G. := {g € G : L(g) > €} together with a union bound.
1
3) Deduce from the previous question that E (L(g,)) < oglelgl) (e|Q|)‘
n

Hint. For every positive random variable Z, E (Z) = f0+°° P(Z > t)dt.

EXERCICE 2. We work in the framework of binary classification. We use the same notation as in the
previous exercise. Set L* := L(g"), where g* : x € X = 21 (;j(x)»1/2) — l,andletn: x e X » P(Y =1 |
X =x) € [0,1] be the regression function. Let (1),),en+ be a sequence of functions defined on X with
values in ]0, 1[. For every n € N*, consider the classifier g, : x € X = 21, (x)>1/2} — 1.

1) Suppose that there exists > 0 such that |n(x) — 1/2| > J for every x € X. Show that

2E (Na(X) - n(X))?)
- .

L(gn) - L* <
2) Show that if L* = 0, then for every q € [1, +oo],
L(gn) < 27E (Ina(X) = n(X)|7) .

Nowletn': X —]0,1[and ¢’ : x € X = 2Ly (x)21/2) — 1.

3) Suppose that P{n’(X) = 1/2} = 0 and that E (|n,(X) - n’(X)|) — 0 as n — +oco. Show that
L(gn) — L(g’) as n — +oo.



4) Suppose that the label Y is no longer observable, but that a variable Z taking values in {—1, +1} is
observable, such that :
P(Z=1|Y=-1, X) P(Z=1|Y=-1)=a<1/2
P(Z=-1]Y=1X) = P(Z=-1|Y=1)=b<1/2

Now setn) : x € X — P (Z = +1 | X = x). Show that :

2]a - b|

Lig)<L' |1+ ———+].
(99 < 1 - 2max(a,b)

What can be deduced whena =b7?

ExeRrcice 3. Compute the VC dimension of the following classes A of sets :
1) A ={]—oo,x1] X...xX] —o00,xg] ¢ (x1,...,x4) € RY },
2) A is the class of rectangles in R

EXERCICE 4. Give an upper bound for the VC dimension of the class of closed balls in R? :

d

ﬂz{{x:(xl,...,xd)eRd : Z|xl~—a,-|2§b}:al,...,ad,bER}.

i=1

EXERCICE 5. Let A be a class of sets in R? with finite VC dimension V < +co and shattering coefficients
s(A, n), for every n € N*.

1) Show that:Vn >1,s(A,n) < (n+1)".
2) Show that:Vn >V, s(A, n) < (ne/V)V.

\
Hint. Use Sauer’slemma:Vn > 1, s(A,n) < Z (rkl)
k=0



